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β ηλ(β)

−n l(β)

−
n∑

i=1

{yT
i Xiβ−a(Xiβ)+ b(yi)} = −yTXβ−A(Xβ)+B(y)

−yTXβ+ ‖Xβ‖2/2+ ‖y‖2/2

ηλ(β) = λ
∑p

j=1 |βj|q Bridge (Frank & Friedman ’93)

ηλ(β) =
∑p

j=1[9λ
2 − (3λ− |β|)21{|β|≤rλ}]/6 MCP (Zhang ’10)

ηλ(β) =
∑p

j=1[λ|β|1{|β|≤4.7λ} − (|β| − λ)21{λ<|β|≤4.7λ}/7.4 + 2.85λ2

1{|β|>4.7λ}] SCAD (Fan & Li ’01)
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Bridge

argmin
β∈B

{−l(β)/n+ λ‖β‖qq} = argmin
β∈B; ‖β‖qq≤η

{−l(β)/n}

Bridge

argmin
β∈B

{−l(β)/n+ λ‖β‖qq} = argmin
β∈B; ‖β‖qq≤η

{−l(β)/n}
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λ (1)

:

: glmnet

Stability λ
(Meinshausen & Bühlmann ’10)

:

Fan & Li ’01 Huang et al. ’08: λ = h(pn, qn, n)
h pn (= |{j : β∗

j �= 0}|)
qn (= |{j : β∗

j = 0})
λ = c× h(pn, qn, n)
c
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λ (2)

:

Zhang ’10 P( ≤ δλ) ≥ 1− ελ

δλ ελ λ

:

Wang et al. ’07 ’09 Zhang et al. ’10 Fan & Tang ’13
−2l(β̂λ) + h(n)(|Ĵ | or D̂F)

Ĵ = {j : β̂λ,j �= 0}
h(n)(|Ĵ | or D̂F) 1

c× h(n)(|Ĵ | or D̂F) c
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λ (3)

:

Efron et al. ’04 Zou
et al. ’07 LASSO

Cp

AICc AIC

−2l(β̂λ) + 2|Ĵ | (Ĵ = {j : β̂λ,j �= 0})
Lockhart et al. ’13

|Ĵ |
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+

:

y = μ0 + ε (ε ∼ N(0, I))
y = Xβ + ε μ̂ = Xβ̂λ μ0

β̂λ = argmin
β

{−yTXβ + ‖Xβ‖2/2 + nηλ(β)}
Ĵ ≡ {j | β̂λ,j �= 0}: λ ↗ |Ĵ | ↘
ΛTP: |Ĵ | λ transition point

μ̂ = Xβ̂λ λ /∈ ΛTP :

j ∈ Ĵ −xT
j y + xT

j Xβ̂λ + nη′λ(β̂λ)j = 0

−XĴ
Ty +XĴ

TXĴ β̂λ,Ĵ + nη′λ(β̂λ)Ĵ = 0

μ̂ = XĴ (XĴ
TXĴ )

−1{XĴ
Ty − nη′λ(β̂λ)Ĵ }

XĴ = (xj)j∈Ĵ , β̂λ,Ĵ = (β̂λ,j)j∈Ĵ , η
′
λ(β̂λ)Ĵ = (η′λ(β̂λ)j)j∈Ĵ
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Cp

:

E(‖μ̂− μ0‖2) = E(‖y − μ̂‖2) + 2E{μ̂T(y − μ0)}+ ‖μ0‖2 − E(‖y‖2)

df(μ̂) ≡ E{μ̂T(y − μ0)}:
‖μ0‖2 − E(‖y‖2)

Cp :

‖y − μ̂‖2 + 2d̂f(μ̂)

d̂f(μ̂): df(μ̂)

df(μ̂)
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SURE

Stein’s unbiased risk estimation:

d̂f(μ̂) = tr
( ∂μ̂

∂yT

)

df(μ̂) = E{μ̂T(y−μ0)} =
∑n

i=1 E(∂μ̂i/∂yi) = E{tr(∂μ̂/∂yT)}

λ: fix Vaite et al. ’14 :

tr
( ∂μ̂

∂yT

)
= tr[XĴ {XĴ

TXĴ + nη′′λ(β̂λ)Ĵ Ĵ }−1XĴ
T]

XĴ
T −XĴ

TXĴ
∂β̂λ,Ĵ
∂yT

− nη′′λ(β̂λ)Ĵ Ĵ
∂β̂λ,Ĵ
∂yT

= 0

μ̂ y y λ /∈ ΛTP Ĵ
SURE
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AICc

:

AICc = −2l(β̂λ) + 2tr[XĴ
TXĴ {XĴ

TXĴ + nη′′λ(β̂λ)Ĵ Ĵ }−1]

AICc
AIC

:

λ nξλ MCP SCAD −1/2 < ξ < 0 Bridge
γ/2− 1 < ξ < −1/2

λ GIC
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:

f(y;θ) = exp{yTθ − a(θ) + b(y)}

θ (∈ Θ ⊂ R
r):

Θ:

θ ∈ ΘO Eθ(y) = a′(θ) Vθ(y) = a′′(θ)
Vθ(y) = a′′(θ)

− log f(y;θ) θ
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{(yi,Xi) | 1 ≤ i ≤ n}:
yi: r

Xi: r × p

:

f(yi;Xiβ) = exp{yT
i Xiβ − a(Xiβ) + b(yi)}

β = (β1, . . . , βp)
T (∈ B):

β B:
β∗ (∈ B): β
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:

(C1)
{Xi} X X ∈ X

β ∈ B Xβ ∈ ΘO

Xi

Xi :

(C2)
β

∑n
i=1 a(Xiβ)/n

∑n
i=1 X

T
i a

′(Xiβ)/n∑n
i=1X

T
i a

′′(Xiβ)Xi/n o(n−1/2)∑n
i=1 X

T
i a

′′(Xiβ)Xi/n

Xi n iid
o(n−1/2)
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gyi,Xi
(β) = log f(yi;Xiβ) :

(R1) β
∑n

i=1{gyi,Xi
(β∗)−gyi,Xi

(β)}/n p→ h(β)
h(β)

(R2)
∑n

i=1 E{g′yi,Xi
(β)}/n− ∂h(β)/∂β = o(n−1/2)

(R3)
Jn(β) ≡

∑n
i=1 E{−g′′yi,Xi

(β)}/n → J(β)
J(β)

(R4)
∑n

i=1[g
′
yi,Xi

(β)− E{g′yi,Xi
(β)}]/√n

d→ N(0,J(β∗))

Rockafellar ’70 GEE
Xie & Yang ’03
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λ: :

β̂λ ≡ argmin
β∈B

{
− 1

n

n∑
i=1

gyi,Xi
(β) + ηλ(β)

}

ηλnξ(β)
β̂λ

ηλ(β)

λnξ||β||qq (ξ < 0)
Radchenko ’05
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B :

(C3) B argminβ∈B{h(β) + ηλ(β)}

argmin β∗∗ = (β∗∗
1 , . . . , β∗∗

p )

:

β̂λ
p→ β∗∗ ≡ argmin

β∈B
{h(β) + ηλ(β)}

Knight & Fu ’00
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:

J (1) ≡ {j : β∗∗
j = 0} J (2) ≡ {j : β∗∗

j �= 0}

h, k ∈ {1, 2} :

p β β(h) = (βj)j∈J (h)

p× p J J (hk) = (Jij)i∈J (h), j∈J (k)

β (β(1),β(2))
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(1)

:

Radchenko ’05

Gn(u) =
1

n

n∑
i=1

gyi,Xi
(β∗∗ + u)− ηλ(β

∗∗ + u)

0 ≥ Gn(0)−Gn(û)

0 ≥
[ ∑
j∈J (1)

{h′(β∗∗)jûj + ηλ(ûj)}+ 1√
n
s(2)Tn û(2)

+
1

2
ûTJn(β

∗∗)û
]
{1 + oP(1)}

& 1
û = OP(1/

√
n)

(R2) (R4) s
(2)
n

d→ s(2) ∼ N(0,J (22)(β∗∗))
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(2)

& :

0 ≥ Gn(0, û
(2))−Gn(û

(1), û(2))

0 ≥
[ ∑
j∈J (1)

{h′(β∗∗)jûj + ηλ(ûj)}+ 1

2
u(1)TJ (11)

n (β∗∗)û(1)

+û(1)TJ (12)
n (β∗∗)û(2)

]
{1 + oP(1)}

cnε‖√nû(1)‖γγ ≤ OP(‖
√
nû(1)‖γγ)

P(û(1) = 0) → 1

0 = ∂Gn/∂u
(2)(û) û(1) = oP(1/

√
n)

0 = −s(2)n + {J (22)(β∗∗) + η′′λ
(22)(β∗∗)}√nû(2) + oP(1)

K
(22)
λ (β∗∗)

√
n(β̂

(2)
λ − β∗∗(2))) d→ K

(22)
λ (β∗∗)s(2)
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AIC

KL :

−2
n∑

i=1

gyi,Xi
(β̂λ) + 2E

[ n∑
i=1

gyi,Xi
(β̂λ)− Ẽ

{ n∑
i=1

gỹi,Xi
(β̂λ)

}]

(ỹ1, . . . , ỹn) (y1, . . . ,yn) Ẽ (ỹ1, . . . , ỹn)

AIC :

−2
n∑

i=1

gyi,Xi
(β̂λ) + 2E(zlimit)

zlimit

n∑
i=1

{gyi,Xi
(β̂λ)− gyi,Xi

(β∗∗)}+
n∑

i=1

{gỹi,Xi
(β̂λ)− gỹi,Xi

(β∗∗)}
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:

zlimit = −s(2)TK
(22)
λ (β∗∗)−1s̃(2) + s(2)TK

(22)
λ (β∗∗)−1s(2)

s̃(2) s(2) s̃(2) ∼ N(0,J (22)(β∗))

β̂λ∑n
i=1{gyi,Xi

(β̂λ)−gyi,Xi
(β∗∗)}+∑n

i=1{gỹi,Xi
(β̂λ)−gỹi,Xi

(β∗∗)}

β̂
(1)
λ = oP(1/

√
n)

(R2)
(C2)

:

E(zlimit) = tr{J (22)(β∗)K(22)(β∗∗)−1}
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AIC

J (22)(β∗) & K
(22)
λ (β∗∗) :

Jn(β̂0)Ĵ Ĵ & Jn(β̂λ)Ĵ Ĵ + η′′λ(β̂λ)Ĵ Ĵ

Ĵ = {j : β̂λ,j �= 0}:
Jn(β) =

∑n
i=1 X

T
i a

′′(Xiβ)Xi/n

β̂0 & β̂λ: &

: AIC

−2
n∑

i=1

gyi,Xi
(β̂λ) + 2tr[Jn(β̂0)Ĵ Ĵ {Jn(β̂λ)Ĵ Ĵ + η′′λ(β̂λ)Ĵ Ĵ }−1]

( MI ) AIC 2016 9 27 23 / 28

y = Xβ + ε (ε ∼ N(0, I)) :

a′′(Xiβ) = I AICc

−2
n∑

i=1

gyi,Xi
(β̂λ) + 2tr[XĴ

TXĴ {XĴ
TXĴ + nη′′λ(β̂λ)Ĵ Ĵ }−1]

AIC
2|Ĵ |
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Logistic LASSO (1)

β∗ = (β∗
1 , β

∗
1 , β

∗
2 , β

∗
2 , 0, . . . , 0) ∈ R

p, n:

(n, p, β∗
1 , β

∗
2) KLav KLsd FPR FNR

CV 0.161 0.010 0.42 0.18
(100, 8, 6.0, 0.5) AIC 0.158 —— 0.38 0.20

AICnaive 0.166 0.028 0.48 0.16
CV 0.139 0.003 0.44 0.09

(200, 8, 6.0, 0.5) AIC 0.138 —— 0.40 0.10
AICnaive 0.140 0.007 0.49 0.09
CV 0.173 0.017 0.39 0.21

(100, 16, 6.0, 0.5) AIC 0.171 —— 0.38 0.22
AICnaive 0.194 0.041 0.46 0.19
CV 0.149 0.009 0.42 0.08

(100, 8, 6.5, 1.0) AIC 0.147 —— 0.38 0.10
AICnaive 0.150 0.016 0.48 0.08
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Logistic LASSO (2)

β∗ = (β∗
1 × 5, β∗

2 × 5, 0, . . . , 0) ∈ R
p, n:

(n, p, β∗
1 , β

∗
2) KLav KLsd FPR FNR

CV 0.263 0.015 0.05 0.43
(100, 500, 6.0, 0.5) AIC 0.254 —— 0.05 0.43

AICnaive 0.293 0.026 0.01 0.47
CV 0.190 0.009 0.08 0.32

(200, 500, 6.0, 0.5) AIC 0.187 —— 0.06 0.34
AICnaive 0.216 0.018 0.02 0.40
CV 0.292 0.015 0.06 0.44

(100, 1000, 6.0, 0.5) AIC 0.283 —— 0.06 0.44
AICnaive 0.316 0.027 0.02 0.48
CV 0.277 0.016 0.05 0.36

(100, 500, 6.5, 1.0) AIC 0.267 —— 0.05 0.36
AICnaive 0.297 0.026 0.02 0.41
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8

m
KL

data (n, p) m model CV AIC AICnaive

pima (200,7) 100 logistic 0.494 (0.030) 0.481 0.494 (0.037)
biod. (1055,41) 100 logistic 0.448 (0.036) 0.444 0.480 (0.045)
colon (62,2000) 40 logistic 0.530 (0.151) 0.464 0.494 (0.067)
leuk. (38,3051) 20 logistic 0.373 (0.101) 0.286 0.335 (0.108)
take. (126,14) 50 Poisson 1.63 (0.03) 1.61 1.62 (0.01)
doct. (5190,11) 100 Poisson 0.717 (0.028) 0.713 0.719 (0.020)
flow. (7466,11) 100 GGM 12.7 (0.2) 12.6 12.6 (0.0)
math. (55,5) 50 GGM 3.40 (0.01) 3.39 3.39 (0.00)

KL KL
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1 AIC

2 AIC
AICc

3 AIC CV
LASSO

p

4 : p
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